Abstract. In this paper we study two variants of the problem of adding edges to a graph so as to reduce the resulting diameter. More precisely, given a graph G = (V, E), and two positive integers D and B, the Minimum-Cardinality Bounded-Diameter Edge Addition (MCBD) problem is to find a minimum cardinality set F of edges to be added to G in such a way that the diameter of G+F is less than or equal to D, while the Bounded-Cardinality Minimum-Diameter Edge Addition (BCMD) problem is to find a set F of B edges to be added to G in such a way that the diameter of G + F is minimized. Both problems are well known to be NP-hard, as well as approximable within O(log n log D) and 4 (up to an additive term of 2), respectively. In this paper, we improve these longstanding approximation ratios to O(log n) and to 2 (up to an additive term of 2), respectively. As a consequence, we close, in an asymptotic sense, the gap on the approximability of the MCBD problem, which was known to be not approximable within c log n, for some constant c > 0, unless P = NP. Remarkably, as we further show in the paper, our approximation ratio remains asymptotically tight even if we allow for a solution whose diameter is optimal up to a multiplicative factor approaching 5 3 . On the other hand, on the positive side, we show that at most twice of the minimal number of additional edges suffices to get at most twice of the required diameter.
Introduction
In this paper, we study two basic network design problems. In the first one, we are given a communication network and a distance requirement D. The goal is to find a minimum cardinality set of links to be added such that every pair of nodes in the network is connected by a path of at most D edges. More formally Minimum-Cardinality Bounded-Diameter Edge Addition (MCBD) Instance: an undirected graph G and a positive integer value D > 0. Goal: find a minimum cardinality set F of edges to be added to G such that the diameter of G + F is less than or equal to D.
Similarly, one can define the specular problem in which we are given a communication network and a budget B on the number of addable links, and the goal is to add such links so that the resulting network has minimum (in terms of number of links) diameter. More formally
Bounded-Cardinality Minimum-Diameter Edge Addition (BCMD)
Instance: an undirected graph G and a positive integer value B > 0. Goal: find a set F of B edges to be added to G such that the diameter of G + F is minimized.
These two problems arise in practical applications like telecommunication networks and airplane flights scheduling [6,10], but they also received a lot of attention in the graph theory community (see [1, 7, 9, 12, 18, 20] ).
In the rest of the paper we will denote by n the number of vertices of G. Notice that the two defined problems are the optimization version of the same underlying decision problem. Therefore, for the sake of unifying the exposition, we will denote by B the cardinality of an optimal solution for MCDB, and by D the value of an optimal solution for BCMD.
Having this in mind, and following standard terminology on bicriteria optimization problems, for β, δ ≥ 1, a (β, δ)-approximation algorithm for BCMD will denote an algorithm which can select a set F of additional edges whose size is at most β times the budget B, and returns a graph G + F of diameter of at most δD (where D is the value of an optimal solution for BCMD with budget B). Symmetrically, a (δ, β)-approximation algorithm for MCBD will denote an algorithm that returns a graph G + F whose diameter is at most δ times the required value D, by using at most βB edges (where B is the size of an optimal solution for MCBD with required diameter D). Observe that a (β, δ)-approximation algorithm for BCMD is a (δ, β)-approximation algorithm for MCBD, and viceversa.
Related work. For every D ≥ 2, MCBD is not approximable within c log n for some constant c > 0, unless P = NP [16, 8] , while it is clearly in P for D = 1. As a consequence, BCMD is not approximable within a factor strictly better than (1 + 1/D) for every D ≥ 2, unless P = NP. This implies the non-existence of a (c log n, δ)-approximation algorithm for BCMD for δ < 1 + 1/D, unless P = NP.
On the positive side, BCMD admits a constant (4 + In the same paper, the authors provide both approximability and non-approximability results for a more general version of MCBD in which edges are associated with a cost and a length function, and B and D are redefined accordingly. Furthermore, MCBD has been studied also for
